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Abstract-By regarding the study of radial and non-radial stellar oscillations as a problem in 
potential scattering theory, a standard form of the radial Schrodinger equation can be derived. After 
establishing some preliminary results of astrophysical interest, an analytic expression for the potential 
is derived for a truncated (i.e., finite radius) polytrope (or class of self-gravitating compressible 
spheres) of degree n = 5. Properties of the potential are discussed. , 
In the study of radial and non-radial stellar oscillations, a radial Schrodinger equation (describing 
the scattering of waves within the stellar interior) can be derived [I]. The governing equation for 
the radial displacement component $(T) is 
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subject to boundary conditions discussed elsewhere [l]. In (l), k and C are effectively wavenum- 
bers, and in terms of wave frequency 0, density distribution p(r), gravitational acceleration g(r), 
and sound speed c(r), the potential V(r) is given by 
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where 
A(r) = a2(h - 1)/g, and r = R defines the surface of the star. Of interest here is an analytic 
representation of the potential in order to apply existing tools of potential scattering theory [2] 
to the astrophysical problem. Polytropic stellar models [3] are known to give rise to the Lane- 
Emden equation of degree n: analytic solutions are known for n = 0, 1, and 5. Physically, the 
case n = 5 yields the most appropriate density distribution. Before examining V(r) for this 
case, some general comments on the local gravitational acceleration g(r) will be made. For a 
spherically symmetric self-gravitating fluid, the mass contained within a sphere of radius T is 
M(T) = 47r 
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If G is the universal constant of gravitation, it follows that 
(3) 
g(r) = Gy. (4) 
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The following lemma, stated without proof, is easily established: 
LEMMA 1. If h&p(T) = p(O) < co, and p’(r) 5 0, 0 < T < R < cm, then ?ly g(r) = 0 and 
lim g(r) = 0. 
T-+00 
This leads us to define a broad and realistic class of stars for which the following lemma holds: 
LEMMA 2. Let a unique TO E (0, R) exist such that g’(re) = 0, g”(rc) < 0. Then 
EM 2P(To) P’(To) + w < ~g 
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P(To) ’ ’ 
The proof comes from applying the conditions of the lemma to equation (4). 
We now examine the potential V(T). F or a polytrope with n = 5 it is easily established [3] 
that, in terms of central density p(O) and pressure P(O), 
p(T) = ,O(o)(l + CYT2)-5'2 (7) 
and 
P(T) = P(o)(l + CYT~)-~ (8) 
where 
27rGp2(0) 
o = 9P(O) . 
Under these circumstances it follows from (3) and (4) that 
9(r) = 
47rGp(O)r 
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Note that even if (as is the case strictly for the n = 5 polytrope) R = cm, the mass M of the star 
is finite, viz. 
M = ,_hrrn~ M(T) = G-’ ~~mirr2g(r) = 
Note also that g’(rc) = 0 yields To = (~cY)-‘/~. We define now the following dimensionless 
quantities: 
f=&T, a=a 
W’ 
X2 = 6/l?r - 5, where l?r is an adiabatic exponent. For most physical applications, Xr > 0 and is 
0(102), X2 < 0 and is O(1). The dimensional quantity 7, used below, is defined as 
Detailed analysis of the terms in equation (2) yields 
V(T) = v(f) = 5 K, 
i=l 
(10) 
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where 
(11) 
(12) 
(13) 
v, = -c&(1 - ?)(1+?)-2 (14) 
v5 = -2&?(l + P-l (15) 
v = C&X2+(2 - 3?)(1 + P-a/s 
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v7 = cxxle(l+ 1)9(1 + P)--5’2 (17) 
vs = q{(l + P)i’2 - (1 + ?)1’2}. (18) 
With the exception of term Vs, all the terms Vi tend to zero asymptotically at least as fast as PA2. 
Vg is bounded for R < 00. It is also easily established that 
l&V(f) = liieV(r) = -3a 
( 1 
; + x2 + c+-zc(e + 1) + n{(l + P)i’2 - 1). (19) 
This limiting value may be negative, depending on the values of the parameters involved. Under 
these circumstances, V(r) has a central potential “well,” outside of which is a potential “barrier,” 
and this in turn is surrounded by another potential well. This is reminiscent of the anticipated 
gravity well, convection zone barrier, and acoustic resonance region, respectively, in stars of type 
similar to the sun. For sufficiently large values of e however, hmeV(r) > 0 and the central well 
ceases to exist. A final comment is in order regarding the dimensionless quantities. Taking for 
simplicity solar values of p(O) M 160 gm/cm3, P(0) = 1016 dynes/cm2, we find that a typical unit 
of length (according to our scaling), is oe1i2 E 3 x lo4 km (so R,,,,, M 23 units), and a typical 
timescale is 27rw-’ x 40 minutes, which is the right order of magnitude for gravity waves in the 
sun [4]. 
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